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1. MAIN RESULTS
For a positive integer n let P denote the class of algebraic polynomialsn
of degree Fn. It is known that for n s 1, 2, . . . and for all 1 F p F `
 w x.there holds the so-called Bernstein type inequality see 2, p. 91; 6
Xw wP F An w P for all P g P , 1 .w x w xa , b n a , b n n nL 0, 1 L 0, 1p p
 .where A does not depend on P and where here and below w x [n
a b .  .’x 1 y x , w x [ x 1 y x such that a , b ) y1rp in case p - ` . a , b
and a , b G 0 for p s `.
The main purpose of the present paper is to generalize this inequality.
Denote
r
i rqiP D [ a x x 1 y x D . .  .  . . i
is0
It is known that for r s 1 and appropriate a the so-called Jacobii
w xpolynomials defined on 0, 1 are the eigenfunctions of this differential
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 w x.operator cf. 7 . Throughout this paper we shall assume that a g Lip d ,i
 . w xi s 0, . . . , r, for some 0 - d F 1 and a x / 0 for x g 0, 1 . Our firstr
 .result is the following generalization of the Bernstein type inequality 1 :
 .THEOREM 1.1. Let P D , w, and w be gi¨ en as abo¨e whereas fora , b
1 F p F ` we ha¨e a , b ) y1rp in case p - ` and a , b G 0 for p s `.
Then for n s 1, 2, . . . , the following estimate is true with a constant A that
does not depend on P g P and n:n n
2 rq1 2 rq1.w w P w xa , b n L 0, 1p
5 5F An w P D P q w P for all P g P . . L w0, 1xw x /a , b n a , b n n nL 0,1 pp
Our second result gives a sufficient condition for the regularity of the
 .differential operator P D . To this end, we introduce the functions
r
s x s a 0 q a 0 x x y 1 ??? x y i q 1 .  .  .  .  .0 0 i
is1
and
r
i
s x s a 1 q y1 a 1 x x y 1 ??? x y i q 1 .  .  .  .  .  .1 0 i
is1
and denote
s [ Re x : s x s 0 and s [ Re x : s x s 0 . 4  4 .  .0 0 1 1
 .THEOREM 1.2. Let P D , w, w , and s , s be gi¨ en as abo¨e whereasa , b 0 1
for 1 F p F ` we ha¨e y1rp y a f s and y1rp y b f s . Then there0 1
holds
2 r 2 r .w w P w xa , b n L 0, 1p
F A w P D P q w P for all P g P . w x w x /a , b n a , b n n nL 0, 1 L 0, 1p p
with some constant A that does not depend on P and n.n
< < < <Remark. As s q s F 2 r, at most 2 r numbers p satisfy y1rp y0 1
a g s or y1rp y b g s . Hence Theorem 1.2 shows that the operator0 1
 .P D is regular with respect to all but at most 2 r different L -norms.p
The present paper contains another two sections. Section 2 contains
some lemmas which will be helpful in Section 3 to prove our main results.
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2. LEMMAS
rw x 2 rw xFor the well-known spaces W a, b , y` - a - b - `, and C 0, 1 wep
can show the following:
 .LEMMA 2.1. Let h g 0, 1 and i s 0, . . . , r y 1. Then for any « ) 0
 .there exists a positi¨ e constant C « such that
 i.  r . r5 5 w xw x w xf F « f q C « f for all f g W a, b , .L a , b L a , b L w a , b xp p pp
2 .
2 rw xand that for all f g C 0, 1 we ha¨e
2 iq2h  rqi.w w f w xa , b L 0, 1p
2 rqh 2 r .F « w w f q C « w f . 3 .  .w x w xa , b a , bL 0, 1 L 0, 1p p
5 5 5 5Proof. In the sequel, we often simply write ? for ? .w a, b x L w a, b xp
wThe first inequality of the lemma can be found in Hardy et al. 3, Sect.
x9.9 . Thus we only need to prove the second inequality. To this end, we
wnotice that there exist polynomials P g P , n s 1, 2, . . . , such that 2, pp.n n
x60, 90; 6
Ch , rh 2 rqh 2 r .w w f y P F w w f q w f . 4 .  . /a , b n a , b a , bw x w x w x2 r0, 1 0, 1 0, 1n
On the other hand, for N g N, one has
 .rqi2hq2 i
Nw w f y P .a , b 2 w x0, 1
`
 .rqi2hq2 i
kq 1 kF w w P y P . 5 .  . a , b 2 2 w x0, 1
ksN
To estimate the sum we apply the inequality of Bernstein for p s ` see
w x.  w x.4, p. 98 and Nevai for 1 F p - ` see 5 to obtain
 .rqi2hq2 i
kq 1 kw w P y P .a , b 2 2 w x0, 1
 .rqik1yh . hq2 iq1
kq 1 kF C 2 w w P y P 6 .  .h a , b 2 2 w x0, 1
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 .for some constant C ) 0 which depends only on h g 0, 1 . The Markovh
 w x.  .inequality see 4, p. 97 and the inequality 1 imply
 .rqihq2 iq1
kq 1 kw w P y P .a , b 2 2 w x0, 1
k2 ry1. h
kq 1 kF C 2 w w P y P . 7 .  .h , r a , b 2 2 w x0, 1
 .  .  .Combining 5 ] 7 with 4 we get
 .rqi2hq2 i
Nw w f y P .a , b 2 w x0, 1
`
2 rqh 2 r . yh kF C w w f q w f 2 /h , r a , b a , bw x w x0, 1 0, 1
ksN
yNh 2 rqh 2 r .F C 2 w w f q w f . /h , r a , b a , bw x w x0, 1 0, 1
yNh  .Choosing N such that «r2 F C 2 F « , the inequality 3 follows nowh, r
from the last estimate and the inequality
2hq2 i  rqi.
N Nw w P F C N w P F C N w f . .  .a , b 2 a , b 2 a , bw x w x w x0, 1 0, 1 0, 1
This finishes the proof.
With the constants a , i s 0, . . . , r, whereas a / 0, we define thei r
 .differential operator P D by
r
i rqiP D [ a x D . .  i
is0
For any P g P there exist numbers g and t , k s 0, . . . , n such thatn n k k
n n
 r . k kP x s g x , P D P x s t x . .  .  . n k n k
ks0 ks0
We have the relation
n
kP D P x s t x .  . n k
ks0
n n r
k ks a g x q g a k k y 1 ??? k y i q 1 x .  .  0 k k i /
ks0 ks0 is1
n
ks g t k x 8 .  . k
ks0
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with
r
t k s a q a k k y 1 ??? k y i q 1 . .  .  .0 i
is1
Since we assumed a / 0, t is a polynomial of exact degree r. Thus,r
without loss of generality, we can assume a s 1 andr
r
t y s y q y 9 .  .  . i
is1
 r .  .  .with some roots y . Denoting T [ P and having 8 and 9 in mind, thei 0 n
following system of differential equations holds:
xT X q y T s T0 1 0 1
xT X q y T s T1 2 1 2
???
10 .
XxT q y T s P D P . .ry1 r ry1 n
 .In order to deal with the system of differential equations 10 , we need the
 w x.so-called Hardy inequalities cf. 3 which read as follows for p G 1, l ) 0,
and a function h G 0:
1rpp 1rp
` ` `p ply1 ly1h y dy x dx F yh y y dy 11 .  .  . .H H H /  / / l0 x 0
and
1rpp 1rp
` x `p pyly1 yly1h y dy x dx F yh y y dy . 12 .  .  . .H H H /  / / l0 0 0
 . w xLet us first observe 10 for x g 1r4, 1r2 . Obviously as 1rC F
 . w x  .w x F C for x g 1r4, 1r2 with some constant C, using 2 we geta , b
2 r .w Pa , b n w x1r4, 1r2
ry1
i rqiF C w P D P q w a x D P . a , b n a , b i nw x1r4, 1r2 /w xis0 1r4, 1r2
2 rF C w P D P q « w D P . a , b n a , b nw x w x1r4, 1r2 1r4, 1r2
qC « w P . . /a , b n w x1r4, 1r2
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Thus for some fixed « ) 0 it follows from this estimate that
2 r .w P F C w P D P q w P . . /a , b n a , b n a , b nw x w x w x1r4, 1r2 1r4, 1r2 1r4, 1r2
 .Moreover, using 2 one can replace 2 r on the left hand side of the above
inequality by i s 0, . . . , 2 r y 1. Hence, for some constant C ) 0, we have
the estimate
 i.w Pa , b n w x1r4, 1r2
F C w P D P q w P , i s 0, . . . , 2 r . . /a , b n a , b nw x w x1r4, 1r2 1r4, 1r2
13 .
This observation leads to the following assertion:
LEMMA 2.2. Suppose 1 F p F `. If y1rp y a does not equal the real
part of a root of the polynomial t,
r
t x s a q a x x y 1 ??? x y i q 1 , .  .  .0 i
is1
then there exists a constant M ) 0 such that for any P g P one hasn n
2 r 2 r .w w P F M w P D P q w P . .w x w x w x /a , b n a , b n a , b nL 0, 1r2 L 0, 1r2 L 0, 1p p p
14 .
Proof. Denote
L [ w P D P q w P . . w x w xa , b n a , b nL 0, 1r2 L 0, 1p p
Then the condition of the lemma implies 1rp / Re y y a .i
 .If Re y y a - 1rp, then the last equation of 10 impliesr
P D P t .  .1r2 nyrx T x s y dt q B . Hry1 1yy rtx
w xwith some constant B. Integrating this equation over 1r4, 1r2 shows that
 .B can be estimated by L up to a factor which does not depend on P x .n
yr  .Dividing both sides by x and using the first Hardy inequality 11 , we
have
w T F ML. 15 .a , b ry1 w x0, 1r2
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On the other hand, for Re y y a ) 1rp we getr
x P D P t .  .nyrx T x s dt . Hry1 1yy rt0
 .by the second Hardy inequality 12 . The same argument as above shows
 .that the estimate 15 also holds in this situation. As Re y y a / 1rp,ry1
 .  .we may apply the method from above to the r y 1 st equation of 10 to
 .obtain a similar estimate as 15 for T . Since Re y y a / 1rp, j sry2 j
1, . . . , r, we get
w T F ML, i s 0, . . . , r y 1.a , b i w x0, 1r2
 .Now it follows from these inequalities and 10 that
Xw xT F ML, i s 0, . . . , r y 1.a , b i w x0, 1r2
These inequalities and the differentiation of the first r y 1 equations of
 . 5 2 Y 510 in turn imply that for i s 0, . . . , r y 2, the terms w x T arew0, 1r2xa , b i
uniformly bounded. Finally we obtain
j  j.w x T F ML, i s 0, . . . , r y j, j s 1, . . . , r ,a , b i w x0, 1r2
 r . .which obviously implies 14 , since T s P .0 n
 .LEMMA 2.3. Let P D be as abo¨e and let
r
i rqiP D [ b x D .  i
is0
be another differential operator with b / 0. Then for any fixed h ) 0 therer
exists a positi¨ e constant M ) 0 such that for any P g P and 1 F p F `n n
one has
hq2 r 2 r .w w P F M w P D P q w P , .w x w x w x /a , b n a , b n a , b nL 0, 1r2 L 0, 1r2 L 0, 1p p p
16 .
hq2 r 2 r .w w P F M w P D P q w P , .w x w x w xa , b n a , b n a , b nL 1r2, 1 L 1r2, 1 L 0, 1 /p p p
17 .
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2 rq1 2 rq1.w w P w xa , b n L 0, 1p
F Mn w P D P . w xa , b n L 0, 1r2 p
q w P D P q w P . 18 .  .w x w xa , b n a , b nL 1r2, 1 L 0, 1 /p p
 .  .Proof. The estimate 17 can be carried out from 16 by the transfor-
 .  .mation t s 1 y x. Thus we only have to prove 16 and 18 . In the
following proof we shall use the notation of the proof of Lemma 2.2. One
may numerate the zeros y of the polynomial t such that Re y y a s 1rpi i
for i s 1, . . . , k and Re y y a / 1rp for i s k q 1, . . . , r. For k s 0 thei
 .  .   .  ..relations 16 and 18 follow from Lemma 2.2 see 14 and 1 . Other-
 .wise, just as in the proof of Lemma 2.2, for the last r y k equations of 10
we get
j  j.w x T F ML, i s k , . . . , r y j, j s 0, . . . , r y k . 19 .a , b i w x0, 1r2
In particular we have
j  j.w x T F ML, j s 0, . . . , r y k .a , b k w x0, 1r2
 .  .To prove 16 we consider the first k equations of 10 and remember that
Re y y a s 1rp for i s 1, . . . , k. Solving the k th equation yieldsi
T t .1r2 kykx T x s dt q B. 20 .  .Hky1 1yyktx
< <  . w xJust as before one obtains B F ML, if one integrates 20 over 1r4, 1r2 .
 .Now the first Hardy inequality 11 implies
hr2w x T F ML. 21 .a , b ky1 w x0, 1r2
 .Proceeding the same way for all the equations in 10 , we get
hr2w x T F ML, i s 0, . . . , k y 1.a , b i w x0, 1r2
 .Combining this with 19 , we get
hr2w x T F ML, i s 0, . . . , r . 22 .a , b i w x0, 1r2
 .The use of 10 implies
hr2qj  j.w x T F ML, i s 0, . . . , r y j, j s 1, . . . , r ,a , b i w x0, 1r2
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and in particular,
hr2qj  j.w x T F ML, j s 0, . . . , r .a , b 0 w x0, 1r2
 .This gives the proof of 16 .
 .  .In order to show 18 we apply 10 again and obtain
xT  rykq2. q y q r y k q 1 T  rykq1. s T  rykq1. .o 1 0 1
 rykq2.  rykq1.  rykq1.xT q y q r y k q 1 T s T .1 2 1 2 23 .
???
 rykq2.  rykq1.  rykq1.xT q y q r y k q 1 T s T . .ky1 k ky1 k
 .With Re y y a s 1rp for i s 1, . . . , k, the Hardy inequality 11 yieldsi
1r2qryk  rykq1. 1r2qryk  rykq1.w x T F M w x T ,a , b j a , b kw x w x0, 1r2 0, 1r2
j s 0, . . . , k y 1.
 .This, together with 23 gives
1r2qrykqi  rykq1qi.w x Ta , b j w x0, 1r2
1r2qryk  rykq1.F M w x T , j s 0, . . . , k y i , i s 1, . . . , k .a , b k w x0, 1r2
w xSince we have 1r2 F 1 y x F 1 for x g 0, 1r2 , the estimates above imply
rq11r2qr  rq1.w x 1 y x T .a , b 0 w x0, 1r2
rq11r2qryk  rykq1.F M w x 1 y x T . .a , b k w x0, 1
 .From this and the Bernstein inequality 1 we conclude
rq11r2qr  rq1.w x 1 y x T .a , b 0 w x0, 1r2
rq1r2ryk  ryk .F Mn w x 1 y x T .a , b k w x0, 1
rq1r2ryk  ryk .F Mn w x 1 y x T . a , b k w x0, 1r2
rq1r2ryk  ryk .q w x 1 y x T . 24 .  .5a , b k w x1r2, 1
 .However, 19 shows
rq1r2ryk  ryk .w x 1 y x T F ML. 25 .  .a , b k w x0, 1r2
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On the other hand, it is easy to see that T is a linear combination ofk
X k k .  r .  .  .  .T , xT , . . . , x T . As T s P it follows from 3 , 16 , and 17 that for0 0 0 0 n
2 .  .w x s x 1 y x and h s 1r2 there holds
2 rq1  ryk .w w Ta , b k w x1r2, 1
r
2 rq1  rqj.F M w w P a , b n w x1r2, 1
jsryk
2 rqh 2 r .F M w w P q w P w x /a , b n a , b n L 0, 1w x0, 1 p
F M w P D P . w xa , b n L 0, 1r2 p
q w P D P q w P . 26 .  .w x w xa , b n a , b nL 1r2, 1 L 0, 1 /p p
 .  .  . 5 5The estimates 24 ] 26 show 18 with the norm ? on the left handw0, 1r2x
5 5side. The transformation u s 1 y x leads to the estimate for ? .w1r2, 1x
3. PROOF OF THEOREMS
Proof of Theorem 1.1. Without loss of the generality we may assume
 .  .a x s 1. The operator P D can be written asr
P D \ P D q R D .  .  .
\ P D q R D , .  .
 .  .  .  .where P D and P D as in Section 2 with a s a 0 and b s a 1 ,i i i i
 .  .respectively. The rests R D and R D are thus
ry1
i i rqiR D s a x 1 y x y a 0 x D .  .  .  . . i i
is0
and
ry1
ii rqiR D s a x x y a 1 1 y x D . .  .  .  . . i i
is0
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By Lemma 2.3 we just have to show
w P D P q w P D P .  .a , b n a , b nw x w x0, 1r2 1r2, 1
F M w P D P q w P . 27 .  . /a , b n a , b nw x w x0, 1 0, 1
 .As a g Lip d , by 3 we havei
ry1
dqi rqiw R D P F M w x D P . a , b n a , b nw x w x0, 1r2 0, 1r2
is0
2 rqd 2 r .F M « w w P q C « w P . /a , b n a , b nw x w x0, 1 0, 1
F M« w P D P q w P D P .  . 5a , b n a , b nw x w x0, 1r2 1r2, 1
q MC « w P . . a , b n w x0, 1
The same arguments show
w R D P F M« w P D P q w P D P .  .  . 5a , b n a , b n a , b nw x w x w x1r2, 1 0, 1r2 1r2, 1
q MC « w P , . a , b n w x0, 1
hence, we have
w P D P q w P D P .  .a , b n a , b nw x w x0, 1r2 1r2, 1
F 2 w P D P .a , b n w x0, 1
q 2 M« w P D P q w P D P .  . 5a , b n a , b nw x w x0, 1r2 1r2, 1
q 2 MC « w P . . a , b n w x0, 1
 .Choosing « such that 2 M« - 1r2 from this we get 27 .
Proof of Theorem 1.2. Lemma 2.2, together with the transformation
x s 1 y u, implies
2 r 2 r .w w P F M w P D P q w P , .w x w x w xa , b n a , b n a , b nL 1r2, 1 L 1r2, 1 L 0, 1 /p p p
 .for b s a 1 and P g P whenever y1rp y b f s .i i n n 1
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Thus, in order to complete the proof we only observe
w P D P q w P D P .  .a , b n a , b nw x w x0, 1r2 1r2, 1
F M w P D P q w P , . /a , b n a , b nw x w x0, 1 0, 1
 .but this holds according to 27 .
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